The Fulde-Ferrell-Larkin-Ovchinnikov (FFLO) states, characterized by Cooper pairs condensed at finitemomentum are, at the same time, exotic and elusive. It is partially due to the fact that the FFLO states allow superconductivity to survive even in strong magnetic fields. We calculate the effects of induced interactions at zero temperature, and find that the critical field at which the quantum phase transition to an FFLO state occurs is strongly suppressed in imbalanced Fermi gases. Possible impurity effects are also considered. *
I. INTRODUCTION
Fermionic particles with different spins occupying states of momenta with equal size but in opposite directions close to their common Fermi surface form Cooper pairs, when subject to a pairing interaction. This is successfully explained by the BCS theory of superconductivity [1] . The presence of an imbalance between the two spin configurations prevents this mechanism, since there are now two Fermi surfaces that do not coincide so that pairing with zero total momentum for the BCS state is energetically unfavorable since the formation of Cooper pairs imply equal densities of the two spin species [2] [3] [4] .
At the mean-field (MF) level, for small asymmetries between the two spin species, and at zero temperature T , the system persists as a superfluid. However, when the imbalance between the two Fermi surfaces is too large, superfluid pairing is broken apart and the system undergoes a quantum phase transition to the normal state. Therefore, for a given imbalance, there exists a lower threshold of pairing strength for the BCS pairing solution to exist. On the other hand, for a given interaction strength, there exists an upper bound for the imbalance before pairing is broken. The existence of such a transition at a critical value of the polarization was first realized by Clogston [5] and Chandrasekhar [6] , who independently predicted the occurrence of a first-order phase transition from the superfluid to the normal state. This is known as the CC limit of superfluidity, and was originally proposed in the context of conventional superconductivity.
Stability analysis based on energetic considerations reveal that the mean-field BCS solutions at T = 0 is not stable in the presence of imbalance until the system enters the BEC regime where the gap and hence the condensation energy become large [7, 8] . Indeed, the momentum of the minority fermions would have to be lifted up to match that of their majority partners, but the energy cost is larger than the condensation energy gain when the pairing gap is small. As a consequence, thermal smearing of the Fermi surfaces leads to possible intermediate temperature superfluidity, at both the mean-field level and with fluctuations included.
Experimental investigations with ultracold imbalanced Fermi gases, where the numbers of atoms in the two spin states are different, have shown that the first order transition between the superfluid at equal spin population and the imbalanced normal mixture brings about a phase separation between coexisting normal and superfluid phases [9, 10] . Recent experiments using tomographic techniques, have found a sharp separation between a superfluid core and a partially polarized normal phase [11] .
Thus, the exploration of a two-component Fermi gas with imbalanced populations is a current and active area of research in the field of ultracold atoms in both theory [2, [12] [13] [14] and experiment [15] [16] [17] [18] [19] , which gives to this field the unprecedented opportunity for mimicking and simulating condensed matter systems [20, 21] .
To address pairing with a Fermi surface mismatch, Fulde and Ferrell (FF) [22] , and Larkin and Ovchinnikov (LO) [23] , in independent proposals, considered the possibility for the Cooper pairs in an s-wave superconductor in the presence of a Zeeman field to have a non-zero total momentum q, with a spatially modulated superfluid order parameter. In this intriguing pairing mechanism, superfluidity "perseveres" in the form of a Fulde-Ferrell-Larkin-Ovchinnikov (FFLO) state with finite pair momenta. In the last 55 years many groups have tried to find the FFLO phase experimentally, and some have found only indirect signatures as, for example, in the heavy fermion superconductor CeCoIn 5 [24] [25] [26] .
It has been shown recently that the FFLO states suffer unavoidable pairing fluctuations, and because of that FFLO superfluids cannot exist due to their intrinsic instability in three and two dimensions [27] . Besides this intrinsic instability, here we investigate other drawbacks of FFLO.
To obtain the correct superfluid transition temperature T c of the BEC-BCS crossover, there is another effect of particlehole fluctuations that affects the superfluid state. Namely, there is a change in the coupling of the interaction due to screening of the interspecies (or induced) interaction, known as the Gor'kov and Melik-Barkhudarov (GMB) cor-rection [28] . On the BEC side of the unitarity, fluctuations in the pairing channel are dominant, while the GMB fluctuations become weaker towards the BEC side and usually is taken as vanishing in this region due to the disappearance of the Fermi surface.
The effect of induced interactions was first considered by Gor'kov and Melik-Barkhudarov, who found that in a dilute three-dimensional (3D) spin-1/2 Fermi gas the (overestimated) MF transition temperature is suppressed by a factor (4e) 1/3 ≈ 2.2 [28] . The effects of the induced interactions on the transition temperature of a quasi-2D balanced Fermi gas of atoms in the BCS region is reduced by a factor ≈ 2.72 [29, 30] .
Quite generally, the calculation of the GMB correction has been restricted to the balanced case, with the Zeeman field h = (µ ↑ − µ ↓ )/2 = 0. Previous investigations with h = 0 were focused on the effects of the induced interactions on the tricritical point (P t , T t /T F ) of imbalanced Fermi gases in 3D [31] and 2D [30] . Here P t and T t are the polarization and the temperature of the tricritical point, and T F is the Fermi temperature. More sophisticated calculations involving self-consistent feedback effect from both particle-particle and particle-hole channels can be found in Ref. [32] .
In this work we investigate at the mean-field level the effects of the GMB correction on the FFLO transition that may occur in Fermi gases with imbalanced spin populations. We study the continuous phase transition that is triggered by an increase in the chemical potential imbalance h, in homogeneous 3D systems. We find the GMB correction to the critical chemical potential imbalance h s responsible for the phase transitions from the partially polarized (PP) FFLO phase to a fully polarized (FP) normal state.
We also consider the effect of a finite lifetime of the quasiparticles states in the FP-PP instability. We show that short lifetimes necessarily decrease h s and, consequently, the predicted FFLO region of existence.
The paper is organized as follows. In Sec. II we calculate the generalized pair susceptibility, associated with the onset of the instability of the PP normal phase. In Sec. III we obtain the induced interactions and find its effects on the critical chemical potential imbalance h s which sets the transition to the FFLO phase. In Sec. IV we show how finite lifetime effects affect h s . Finally, we conclude in Sec. V.
II. THE INTERMEDIATE NORMAL-MIXED PHASE
As mentioned in Ref. [33] , a very important, and still open issue, is the precise nature of the ground state in the regime h c < h < h s , where h c = ∆ 0 / √ 2 sets the CC transition. Let us now investigate the possible FFLO phase that may arise in the intermediate region. Suppose we are in the normal FP phase at some h > h s , and the "field" h is decreased until it enters the PP phase. In order to have a qualitative and quantitative description of this picture, usually one expands the action in fluctuations |∆ q | a la Landau, since the transition from the FP to the normal-mixed phase is continuous [34] .
We then expand the action up to second order in the order parameter |∆ q |, and obtain
where α(| q|, ω 0 ) = 1 g − χ(| q|, ω 0 ) with g being the pairing interaction strength, and χ(| q|, ω 0 ) is the generalized pair susceptibility without feedback effect,
where ξ k,↑↓ = k 2 /2m−µ ↑↓ are the single particle dispersions and f (ξ k ) = 1/(e βξ k + 1) is the Fermi function with β ≡ 1/k B T . Evaluation of the equation above is straightforward. At zero temperature we find that χ(| q|, ω 0 ) is given by:
where ω c is an energy cutoff, N (0) = mk F 2π 2 is the density of states at the Fermi level,q ≡ v F q 2h is the dimensionless "measure" of the pair momentum, with q ≡ | q| and v F is the Fermi velocity.
The Thouless criterion for pairing instability, which corresponds to the divergence of the T-matrix,
yields,
where ∆ 0 = 2ω c exp(−1/N (0)g) is the zero temperature BCS gap. Note that the exact expression for ∆ 0 is not crucial here, although this specific expression is appropriate only for the weak coupling BCS regime. At the same time, it has been known that possible FFLO phases only exist on the BCS side of unitarity [35, 36] . We determine the critical reduced momentumq c by imposing an extremal condition on the pair susceptibility. Thus, extremizing χ(| q|, 0) with respect toq yields
A numerical solution of the equation above givesq c = 0, and q c 1.2. However, the locus of continuous transitions may be determined from the value ofq c at which α(q c ) is both minimized and passes through zero, and this happens only for q c 1.2 [34] or, equivalently, at a wave-vector q c 2.4h/v F .
Theq
= 0, which leads to h s 0.75∆ 0 , for the location of the FFLO transition, agreeing with the findings of Shimahara [37] , Burkhardt and Rainer [38] , and Combescot and Mora [39] .
The critical h s in turn yields the magnitude of the wavevector q c 1.8∆ 0 /v F . These results also agree with the ones obtained in Ref. [37] by a variational approach for a threedimensional FF superconductor with a spherical symmetric Fermi surface. The FFLO window is then h c < h < h s , where the phase transition at h c = h CC ≈ 0.71∆ 0 , is of first order, and that at h s 0.75∆ 0 is of second order. The same results, and conclusions, are obtained if the calculations are performed with the interaction g replaced by the dimensionless parameter 1/k F a which is appropriate for a short range interaction [40] , as it should be.
Note that in 2D the critical field and wave-vector are h s = ∆ 0 and q c 2∆ 0 /v F , respectively [37, 41] . This means that the FFLO phase is enhanced in 2D due to the two-dimensional structure of the Fermi surface.
It should be mentioned that the original Clogston derivation equates the free energy of the superfluid state at zero-field (i.e., y = 0) with that of a polarized normal state at the threshold y c , both at T = 0. This approach is expected to be valid for the small ∆ 0 case in the perturbative sense. However, we argue that the balanced case and the imbalanced case are really distinct and cannot connect to each other continuously. This can be told from the fact that in the BCS regime, an arbitrarily small but nonzero population imbalance is sufficient to destroy superfluidity at precisely T = 0 in the 3D homogeneous case (when stability is taken into account) [7] . For a finite ∆ 0 , the "magnetic field" h would have to jump from 0 of the balanced case to a value comparable to ∆ 0 , implying that h should not be treated perturbatively. Furthermore, there is no guarantee that the normal state in Clogston's approach is a solution of the BCS gap equation in the zero gap limit. To check the CC limit, we calculate for a 3D homogeneous Fermi gas the gap ∆ 0 in the balanced case at zero T and the field h in the imbalanced case when the mean-field T c approaches 0, both as a function of pairing strength. The result is shown in Fig. 1 , which indicates that the exact mean-field solution yields h c /∆ GMB 0 = 0.5 in the BCS regime, substantially different from 1/ √ 2 given by CC, and this ratio increases to about 0.733 at unitarity. This result suggests that exact calculation is needed in order to obtain quantitatively accurate value for h c . This corresponds to the q = 0 limit of Eq. (5) and is not stable. The difference between this result and that of CC can be attributed likely to the possibility that the CC normal state does not satisfy the Thouless criterion while the present case does.
In the inset of Fig. 1 , we show the stable LOFF phase at the mean-field level, as the yellow shaded region. The upper boundary is given by the zero gap solution with a finite q vec- tor, which separates the LOFF phase from the normal Fermi gases. The lower phase boundary is given by the instability condition of the LOFF phase against phase separation. Both boundary lines were taken from Ref. [35] . Next to but on the right side of this boundary are phase separated states. It is clear that the Sarma mean-field T c curve line lies completely within the stable LOFF phase, in agreement with the fact that the states along this curve are unstable against LOFF. Interestingly, it turns out that, in the BCS limit, the ratio h/∆ 0 along the lower boundary is close to 1/ √ 2, in agreement with Ref. [47] . Meanwhile, the ratio along the upper boundary is close to 0.75. This leaves us with roughly the same LOFF window of 0.71 < h/∆ 0 < 0.75 in the absence of the induced interactions.
III. EFFECTS OF THE INDUCED INTERACTION ON THE FFLO WINDOW
The induced interaction was obtained originally by GMB in the BCS limit by the second-order perturbation [28] . For a scattering process with p 1 + p 2 → p 3 + p 4 , the induced interaction for the diagram in Fig. 2 is expressed as
where p i = ( k i , ω li ) is a four vector in the space of wavevector k and fermion Matsubara frequency ω l = (2l + 1)π/β. Including the induced interaction, the effective pairing inter-action between atoms with different spins is given by
The polarization function χ ph (p ) is given by
where f σ k ≡ f (ξ k,σ ), p = ( q, Ω l ), Ω l = 2lπ/β is the Matsubara frequency of a boson, and G 0σ (p) = 1/(iω l − ξ kσ ) is the Matsubara Green's function of a non-interacting Fermi gas. This means that U eff is a function of momentum and frequency. The static polarization function is then,
where q ≡ | q|. The above expression is usually computed in the zero temperature limit, with f ↓,↑
is the step function, such that the induced correction to the coupling g is a (temperature independent) constant.
Equation (11) shows that the static polarization function in the case of a spin imbalanced Fermi gas separates into contributions from the spin-down and the spin-up like susceptibilities. The integration in k gives
The equations above can be put in a more convenient form,
= −N (0)L(x, y) ↓ , and χ(x, y) ↑ = − N (0) 2
where N (0) = mk F 2π 2 , x ≡ q 2k F , and y ≡ h µ . This allows us to write the polarization function of an imbalanced Fermi gas as
where L(x, y) ≡ (L(x, y) ↓ + L(x, y) ↑ )/2 is the generalized Lindhard function.
Notice that in the y → 0 limit, k ↓ F = k ↑ F = k F , such that χ(x, 0) ↓ = χ(x, 0) ↑ = χ(x) and we obtain the well-known (balanced) result
where L(x) is the standard Lindhard function,
In the scattering process the conservation of total momentum implies that k 1 + k 2 = k 3 + k 4 , with k 1 = − k 2 and k 3 = − k 4 . q is equal to the magnitude of k 1 + k 3 ,
where φ is the angle between k 1 and k 3 . Since both particles are at the Fermi surface, | k 1 | = | k 3 | = k F = √ 2M µ, thus, q = k F 2(1 + cos φ), and consequently x = 2(1 + cos φ)/2, which sets 0 ≤ x ≤ 1.
The s-wave part of the effective interaction is approximated by averaging the polarization function χ ph (q) over the Fermi sphere, which means an average of the angle φ [31, 32, [42] [43] [44] [45] [46] ,
where we have made use of Eq. (16) .
Taking into account the GMB correction, the divergence of the T-matrix in Eq. (4) is now given by
which can be obtained by replacing g in Eq. (4) by U ef f , as given in Eq. (8) . This expression has been shown to be correct when the more complicate T -matrix in the particle-hole channel is included self-consistently [32] . This yields a GMB 
where y s = h s /µ, and hs ∆0 MF 0.75 is the MF result without the GMB corrections. In Fig. 3 we show how the averaged functionL(y) depends on 0 ≤ y ≤ 1. As y increases from 0 to 1,L(y) increases by over a factor of 2, from about 0.65 to 1.6.
It is well known that the zero temperature BCS pairing gap (at y = 0) is modified due to the particle-hole channel effect (or GMB correction) as [32, 42] 
In order to find the appropriate y for consistently evaluating Eq. (21), we take the expression for the GMB gap at unitarity, 1/k F a = 0, and obtain
for y = 0. Note that this is a rough estimate, since the BCSlike solution Eq. (22) is a good approximation only in the BCS regime. Nonetheless, it is very close to the more complete solution of ∆ GMB 0 = 0.42E F = 0.50µ with µ = 0.837E F , calculated with the full particle-hole T -matrix included at the G 0 G 0 level [32] . According to Eq. 
which agrees with Eq. (24) . On the other hand, with the shifted interaction strength, the CC limit is modified to
Combining Eq. (24) and Eq. (26), we conclude that the screening of the medium (i.e., the induced interactions) has shrunk the FFLO window to 0.32 ≤ h/∆ 0 ≤ 0.34.
IV. FINITE LIFETIME EFFECTS
Besides the GMB corrections that, as we have seen in Section III, narrow the FFLO window, there is another effect that may also act against this state, which are the lifetime effects. In quasi-one-dimensional organic superconductors, for instance, the issue of lifetime effects arise from non-magnetic impurities or defects [48] .
In this section we show that the LOFF window may be affected by impurity effects. Impurities lead to a spectral broadening γ of the fermions. In Fig. 4 , we compare with ratio h/∆ 0 as a function ofq for both the clean limit (maroon curve) and the dirty case with γ/h = 1 (blue dashed line). The clean case has a maximum value forq =q c 1.2, which gives h/∆ 0 = h s /∆ 0 0.75, as obtained by the analytical calculations in Section II. In the dirty case, the maximum has shifted toward lowerq, and the maximum ratio h s /∆ 0 has decreased significantly. This inevitably narrows the LOFF window. When this ratio drops below 1/ √ 2, the LOFF window will be gone and thus the LOFF phase will disappear. Detailed analysis is given below.
Considering the finite lifetime of the quasi-particle states in the momentum representation [49] , the real part of the particle-particle dynamic susceptibility can be written as,
where γ = τ −1 is the inverse of the lifetime of a quasiparticle q-state in the normal phase. This approach is formally close to that used to investigate the effect of non-magnetic impurities in one dimensional imbalanced Fermi gases [50] , and in two [51] and three [52] 
Notice that in the limit γ → 0 in Eqs. (27) and (28), the standard results in Eqs. (3) and (5) are recovered.
In Fig. 4 , it is depicted the numerical solutions of h/∆ 0 as a function ofq from Eqs. (5) and (28) , which shows that for γ = 0, solid curve, h/∆ 0 has its maximum value forq =q c 1.2, which gives h/∆ 0 = h s /∆ 0 0.75, as obtained by the analytical calculations. However, for finite lifetime, dashed curve, the maximum value of h/∆ 0 is greatly reduced.
The critical reduced momentumq c instead of being a solution of Eq. (6) is now given by the solution of in agreement with Fig. 4 . However, this value is beyond the critical valueγ c = 0.3, which gives h s /∆ 0 0.71 = h c /∆ 0 , closing the FFLO window. This means that for this critical value of γ the system undergoes a first-order quantum phase transition from the BCS to the polarized normal phase. Conversely, for infinite life time (γ = 0) the FFLO window remains opened with the "unperturbed" limits h c < h < h s .
V. CONCLUSIONS AND OUTLOOK
In summary, we have investigated in homogeneous 3D systems the GMB correction to the chemical potential difference h/∆ 0 , responsible for the transition to the FFLO phase. We found at the mean-field level that the window for the FFLO phase to exist has been reduced by a factor of (4e) −1/3 . This shall make the evasive FFLO states even more difficult to find experimentally.
We have also considered the presence of (non-magnetic) impurities or defects, in which case a finite lifetime τ = 1/γ of the quasi-particle excitations may be considered. As a consequence, for strong disorder there is a reduction of the critical field h s of the continuous phase transition between the FFLO and the normal phase.
